We consider thermoelastic systems in two or three space dimensions where thermal disturbances are modeled propagating as wavelike pulses traveling at finite speed. This is done using Cattaneo's law for heat conduction instead of Fourier's law. For Dirichlet type boundary conditions, the exponential stability of the now purely, but slightly damped, hyperbolic system is proved in the radially symmetric case.
Introduction.
We consider two-or three-dimensional thermoelastic bodies including the second sound effect. The latter turns the classical thermoelastic system of hyperbolic-parabolic coupled type into a purely hyperbolic, but damped hyperbolic one. This way the paradox of infinite propagation speed of heat pulses is overcome, which is regarded as being important in some applications like pulsed laser heating of solids; compare [11, 18] . The governing differential equations for the displacement vector u -u(t,x) g K™, n = 2 or 3, the temperature difference 0 = 9(t,x), and the heat flux vector q = q(t,x) G Rra, where t > 0 and x € fl C R4, denoting the bounded reference configuration with smooth boundary dfl (C2 is sufficient), are the following (compare [2, 10, 14, 16] ) for a homogeneous isotropic medium:
utt -nAu -(/u + A)Vdivu + /3W8 -0, ( These equations are completed by initial conditions it(0, •) = u0, ut(0, ■) = iti, 0(0, •) = 0O, <7(0,') = ®) (1) (2) (3) (4) and the following boundary conditions for a rigidly clamped body held at constant temperature on the boundary: u(t, •) = 0, 0(t, ■) = 0 on dfl, t > 0.
(1.5)
The parameters fj, (3,7,<5, To and k are positive constants, A + 2ju > 0, where fi and A represent the Lame moduli and To is the relaxation time, a small parameter compared to the others. For To = 0 we return to classical thermoelasticity since in this case Cattaneo's law for heat conduction, expressed in (1.3) and responsible for the overall hyperbolic character of the system, turns into Fourier's law q = -kV0 making (1.2), (1.3) a parabolic equation for the temperature:
6t -7kA0 + S div ut = 0.
( [1] [2] [3] [4] [5] [6] It is known for classical thermoelasticity (1.1), (1.6) that in general bounded domains, for instance in all domains that allow reflecting rays, there is no uniform decay rate for the energy; see [6, 7, 5] . On the other hand, it has been proved that whenever the rotation rot u vanishes identically-for instance in a radially symmetric domain il with radially symmetric data-then the energy decays exponentially; see [4, 5] . Now back to thermoelasticity with second sound (1.1)-(1.3). What can one expect for this even less dissipative-while only damped-hyperbolic system? Will the dissipation which is still given through heat conduction be strong enough at least in radially symmetric situations to exponentially stabilize all components u,0, and q? We recall that in [13] the corresponding question was answered in the affirmative even for nonlinear systems. Here we shall prove the same for the radially symmetric case after a discussion of the general asymptotic behavior in terms of possible oscillatory behavior.
There seems to be 110 result on the precise decay up to now. I11 [15] the stability of the null solution was investigated; compare also [17] in one dimension. Thus we present the first description of the exponential stability. For the proof, appropriate Lyapunov functions have to be found, combining techniques from classical thermoelasticity [4] and from one-dimensional situations [13] .
We remark that corresponding nonlinear problems are also of interest for the applications, and are under investigation.
Another class of problems concerns Cauchy problems, i.e., Q = IR"\ m = 1,2,3.
In Sec. 2 we look at the well-posedness in suitable Sobolev spaces that will allow a clear description of the generic asymptotic behavior; in particular, the connection to classical thermoelasticity will become apparent. In Sec. 3 the exponential decay will be proved for systems where rot u = 0 = rot q, which has its application in Sec. 4 for radially symmetric situations. Let the operator E. formally defined in (2.5), be given by
Then E is positively definite and selfadjoint (see [8] ), and we can define H := (H^fl))n x (L2(n))n x L2(fl) x (L2(fl))n In view of (2.9) we define W2 := -F1 G also yielding
In view of (2.11), W4 should satisfy
or, looking at (2.12), W3 should satisfy
where the right-hand side belongs to //-1(fi), which is the dual space of Hq(SI). ) i.e., the range of A is all Ti and A~1 is continuous, which proves 0 G £>(^4).
Q.E.D. As a corollary (compare, e.g., Theorem 1.2.4 in [9] ) we obtain that -A generates a Co-semigroup of contractions {e_t'4}(>o on TL and we solve (2.7) as follows. That is, there are purely imaginary eigenvalues if and only if the eigenvalue problem (2.22) has a solution satisfying side condition (2.23). This is the same situation as in classical thermoelasticity (to = 0; see [3] or [12, 5] ) and leads to the conjecture that the asymptotic behavior in thermoelasticity with second sound is essentially the same as that in classical thermoelasticity, not, worse in general. We shall prove in the next sections that this is true concerning exponential stability in symmetrical situations.
As is proved in [3] (compare also [12] ), solutions to initial data essentially orthogonal to the eigenspace corresponding to purely imaginary eigenvalues tend to zero. In cases where A-1 can be shown to be compact, for example in the radially symmetric case where in particular rot q = 0 and v x q = 0, the same behavior can also be proved; compare [12, 3] . Here, the question of exponential stability for special cases is investigated, namely for those only known situations where exponential stability is known for the "more dissipative" system of classical thermoelasticity.
We remark that (2.22), (2.23) has or has no solutions depending on the domain; e.g., in balls there are solutions and hence an oscillating behavior of solutions is possible in general (see for instance [12, 5] ). Another comparison with the limit To -> 0 is given in the next section. We remark that the condition rotg = 0 is compatible with classical thermoelasticity where q = -kV6, and not a serious restriction, while the condition rotu = 0 will be satisfied in the radially symmetric case. From Sec. 2 we know that we cannot expect a decay of solutions in general. Let the energy terms of first and second order be defined as := o I {K^\ut\2 + K §a\Wu\2 + Kf3\0\2 + rp^\q\2}{t,x)dx 2 Jn = E(t\ it, 0, q), E2(t) := E(t;ut,Ot,qt).
We shall prove the exponential decay of E\{t) + E2{t) as t -> oo. For this purpose we shall have to combine multiplier techniques and boundary control estimates used in [4] for classical thermoelasticity with those used in [13] , the latter of course adapted to the multi-dimensional case requiring additional considerations. Of course, this corresponds to the dissipativity of the operator -A in (2.8). follows, and jl will be determined later.
The boundary term appearing in (3.9) will be treated next, in various steps using boundary control estimates; compare [4] for the simpler situation in classical thermoelasticity.^:
(vq, div ut)an < jlMlin + e||divtit||in, (3.14) where 1 > i > 0 is still arbitrary and will be determined later, and ci (similarly C2, C3,...) denotes a fixed constant. Let <j £ (C^il))3 be such that <7 = (<7,),=i..,n with crk = vk 011 0Q, and let dk := k = 1, •, n.
Multiplying (1.2) by -|<Jkdk9t (summation convention), we obtain Until now we only used rotu = 0 from the assumptions (3.1), (3.2) . In the next step we also exploit rot q = 0 and u x q = 0 on 8fl.
Multiplying (1.2) by aq yields
To(Ot,crq) + 7{ divq, aq) + 6(divut, crq) = 0 (3.20) ||^!|2<£(||^||2 + l|divMt||2) + |lkl|2 From (3.9), (3.13), (3.14), (3.19) (multiplied by (3.24) follows for sufficiently small fl,£,e:~l lVut||2 + i||Au||2 + cell^H2 + jH{t) < c7(|M|2 + ||g||2), (3.25) where (compare (3.10) for Gi{t))
A suitable Lyapunov function F is defined by
F(t) := + E2(t)) + H(t),
where e > 0. Combining (3.3), (3.5), (3.11) , (3.12) , and (3.25), we see that F satisfies, for sufficiently small e, jtF(t) < -d1(El(t) + E2(t)) (3.27) for some d\ > 0. On the other hand (e small enough), 3C1}C3 >0 Vt > 0 : CiE(t) < F{t) < C2E{t), with E(t) = El(t)+E2(t). and through the estimates 011 a, Vcr. The dependence on T could be described explicitly.
Bounds for cio calculated in [13] in one dimension indicate a small decay rate. (3) Using properties of the generator of the semigroup A, it could also be shown that the first energy E\ alone tends to zero uniformly; compare [19, p. 64] , The estimates here allow to estimate the constants; see Remark 2. As in one dimension [13] , it can be shown that the energy of the difference of the solution (uT° Ela{t) = -P-)\\z\\2 ~ T0p-yK{Vet,z), < r02^ f ||V^(S, -)||2 ds, (3.29)
/o which holds in general, i.e., without assuming (3.1), (3.2) . Under the assumptions (3.1), (3.2) we have from [4] ||V0t(s, -)|| ds < 00, Having proved Theorem 3.1 it follows now as in classical thermoelasticity (to = 0), see [4] , the exponential stability for radially symmetric domains fl and radially symmetric data. We recall that in a ball there are-nonradially symmetric-data for which the energy E(t) does not decay at all; compare Sec. 1. We summarize the considerations from [4] carried over to our case To ^ 0:
Let fl be a smoothly bounded, radially symmetrical domain; i.e.,
x £ => V.R € 0(2) (if 7i = 2) resp. 50 ( = (u,0,q), implying the radial symmetry. In particular, it and q satisfy (4.1); hence (3.1), (3.2) is satisfied, and we can apply Theorem 3.1. Theorem 4.1. Let Q be radially symmetric and let the initial data uo,mi,#Oi<7o be radially symmetric.
Then the energy E(t) = E\{t) + E2(t) associated to the solution (u,0,q) if (1.1)-(1.4) decays exponentially; i.e., 3d0, Co > 0 Vt > 0, E(t) < C0e~dotE(0).
